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Abst rac t - - In  this paper, a Wiener-type graph invariant W* is considered, efined as the sum of 
the product nu(e)n,(e) over all edges e= (u, v) of a connected graph G, where nu(e) is the number 
of vertices of G, lying closer to u than to v. A class C(h, k) of bipartite graphs with cyclomatic 
number h is designed, such that for G1,G2 E C(h,k), W*(G1) -- W*(G2) (mod 2k2). This fully 
parallels a previously known result for the Wiener number. 
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1. INTRODUCTION 
In this paper, we are concerned with finite undirected graphs. Throughout the entire paper, it 
is understood that all the graphs considered are connected. The number of vertices and edges of 
a graph G is denoted p(G) and q(G), respectively. If u and v are vertices of G, then the number 
of edges in the shortest path connecting them is said to be their distance [1] and is denoted by 
d(u, v). The sum W(G) of distances between all pairs of vertices of the graph G is the Wiener 
number (Wiener index) of G, named after H. Wiener who first studied it in 1947 [2,3]. The same 
quantity is known also as the distance of the graph [4] or graph transmission [5]. It is closely 
related to the mean (or average) distance of the graph [6-8]. 
Let e = (u,v) be an edge of the graph G. Denote by n~ = n~(e) = n~,(G) and n, = n~(e) = 
nv(G) the cardinalities of the vertex sets Bu(e) = {w I d(w,u) < d(w,v)} and B~(e) -- {w [ 
d(w, v) < d(w, u)}, respectively. Then, a classical result in the theory of the Wiener number [2,3] 
states that 
w(a)  = 
(u,,) 
provided G is a tree and the summation goes over all edges e = (u, v) of G. The above formula 
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served as a motivation for the introduction of a new Wiener-type graph invariant, defined as [9] 
w'(G)  = n nv, 
(u,-) 
(1) 
where G is any connected graph. Evidently, W* and W coincide in the case of trees. 
It could be shown [9-11] that the invariant W* possesses a number of intriguing properties. For 
instance, W*(G) = W(G) if and only if every block of G is a complete graph [11]. In the case of 
cyclic graphs, the dependence of the invariants W* (G) and W(G) on the structure of G is quite 
different. Nevertheless, ome noteworthy analogies between them have been discovered [9,10]. In 
this paper, we point at one further such analogy. In order to be able to formulate it, we need 
some preparations. 
2. SOME CLASSES OF CYCLIC GRAPHS 
We now define certain classes of graphs consisting of circuits of equal size. 
DEFINITION. Let k and h be positive integers. H h = 1, then the class C(1, k) consists of one 
element only--the circuit with 2k + 2 vertices. If h > 1, then every element of C(h, k) is a graph 
obtained by joining the endpoints of a path with 2k vertices to a pair of adjacent vertices of some 
graph from C(h -  1,k). 
The union of the sets C(h,k), h = 1,2,. . .  is denoted by C(k). It is evident hat if G is a 
graph from C(k), then G is connected and bipartite. If G E C(h, k), then the cyclomatic number 
of G is equal to h. Further, p(G) = 2kh+2 and q(G) = (2k+l )h+l .  The classes C(k) 
include many interesting types of graphs such as "animals" [12] and molecular graphs of so-called 
catacondensed beuzenoid hydrocarbons (at k = 2) [13]. All the elements of C(3, 2) are presented 
in Figure 1. 
55 c0 
Figure 1. All graphs from the class C(3, 2). 
3. STATEMENT OF THE RESULT 
In [14], the following property of the Wiener number of the graphs from the class C(k) was 
established. 
THEOREM 1. Let Gx and G2 be arbitrary graphs from C(h, k). Then, W(G:) - W(G2) 
(mod 2k2). 
We now show that a fully analogous result holds also for the Wiener-type invariant W*. 
THEOREM 2. Let G: and G2 be arbitrary graphs from C(h, k). Then 
W*(G1) - W*(G2) (mod 2k2). 
The proof of Theorem 2 is outlined in a subsequent section. However, already at this point 
we wish to point out that Theorem 2 is deduced by a reasoning completely different from the 
reasoning by which Theorem 1 was obtained [14]. 
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4. SOME MORE NOTATION 
Let e = (x, y) stand for an arbitrary, but fixed, edge of a graph G c C(k). Then the edge 
set E(G) of G can be divided into two disjoint subsets with respect o the edge (x, y): E(G) = 
El(e I G) U E2(e I G), where El(e) = El(e I G) = {(u,v) I u C Bx(e) and v c By(e)} and 
E2(e) = E2(e I G) = {(u,v) I u,v • S~(e) or u,v • Bu(e)}. It is clear that if (u,v) • El(e), 
then d(v,y) = d(u,x); if (u,v) • E2(e), then d(v,y) < d(u,y) or d(v,x) < d(u,x), and d(v,y) 
d(u, x). Notice that (x, y) belongs to E1 (e). 
We associate with every edge e = (x, y) of G • C(k) three subgraphs: Rx, Ry, and Rxy, 
also consisting of (2k + 2)-membered circuits. Rxy is spanned by the vertices belonging to those 
(2k + 2)-circuits which contain all edges from E1 (e). Consequently, Rxy belongs to the class 
C(h~y, k), where hxy = IEl(e)l - 1. The subgraph Rx is spanned by those vertices of G that lie 
closer to x than to y. Similarly, Ry is spanned by the vertices of G whose distance to y is smaller 
than the distance to x. Note that the vertex sets of Rxy and R~, as well as of R~y and Ry, 
have nonempty intersections. Further, R~ and Ry may be disconnected. Let hx and h v be the 
numbers of (2k + 2)-circuits in Rx and Ry, respectively. Then h~ + hy + h~y = h. In Figure 2, 
an example is given for the subgraphs R~y, Rx, and Ry. Every (2k + 2)-circuit is marked by a 
label of the corresponding subgraph. 
Figure 2. Subgraphs Rxy, Rx, and Ry of G E C(8, 3). 
5. CHANGE OF THE INVARIANT W* 
UPON ADDIT ION OF A C IRCUIT  
In this section, we show how to calculate the invariant W* when a new circuit is attached to 
a graph from C(k). The distance of a vertex v in a graph G, d(v) = d(v I G) is the sum of the 
distances between the vertex v and all other vertices of G. 
We first need the following two simple lemmas [10]. 
LEMMA 1. Let G be a connected bipartite graph and u and v be its adjacent vertices. Then, 
d(u [ G) - d(v I G) = nv - nu, and n, + n~ = p(G). Farther, if G e C(k), then d(u I G) - d(v I 
G) = 2k(hv - h~). 
PROOF. Let e = (u,v) E E(G). Then, d(u ] G) = ~weB~(e)d(w,u) + ~weB~(~)d(w,u) = 
~weB~(~)(d(w,v) - 1) + ~-~wes~(~)(d(w,v) + 1 = d(v I G) - n~ + nv. Since G has no circuits 
of odd length, n, + nu = p(G). I fGbe longsto  C(k), thend(u  [ G) - d(v [ G) = nv - nu = 
(p(R,,v)/2 + 2kh,,) - (p(Ruv)/2 + 2kh~,) = 2k(h,, - hu). | 
LEMMA 2. Let G be a connected bipartite graph. Then, 
w*(a) = ~ p2(G)q(a) - ~ (d(u I a ) -d (v  I G)) 2 . (2) 
(u,v)eE(G) 
PROOF. From Lemma 1, we have nu = (1/4)(p(G) + d(v I G) - d(u I G)) and nv = (1/4)(p(G)- 
d(v I G) + d(u I G)). Formula (2) is obtained by combining the above relations with the defini- 
tion (1) of W*. | 
Suppose that G E C(h, k) is obtained from H E C(h - 1, k) by attaching to it a new (2k + 2)- 
circuit. Then the change of the invariant W* for these graphs may be described by a polynomial 
depending only on the number of circuits of some subgraphs in H. 
/~IL 8-5-E 
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THEOREM 3. 
with the vertices of an edge e = (x,y) of H • C(h - 1, k). Then, 
W*(G) = W*(H) - 2k 2 E (h, - hu) - f(hx, hv, k) + g(h, k), 
(u,v)EE2(e[H) 
where 
and 
A. A. DOBRYNIN et  a l .  
Let G • C(h, k) be obtained by joining the endpoints of a path with 2k vertices 
I(h , k) = k - 2 + + 
= d(u ] H) - d(v I H). 
Let (u,v) e E2(e I H)- Then, 
d(u iG) -d (v iG)=(nv(H)+p(P2k) ) -nu(H)=d(u  H) -d (v IH)+2k .  (5) 
For the unique edge e* = (u,v) E E(P2k) M El(e I G), 
d(u i G) -d (v  , G) = ( ~  +nu(H)) - (P(P2k-------~) +nx(H))  = d(x i H) -d(Y  i H ). (6) 
If (u, v) • (E(P2k) - e*) U {ex, ey}, then 
d(u lG)_d(v lG)= ( (p(P2~ +2)+p(H) -2 ) -  ( (P (P2)+2)  =2k(h-1) .  (7) 
Substituting (4)-(7) back into (2), we obtain 
4W*(G) = p2(a)q(G) - E (d(u I H) - d(v I g)) 2 
(u,v)eE(H) 
- -  4k E (d(u [ H) - d(v [ H)) - 4k 2 IE2(e [ g) l  
(u,v)eE2(eIH) 
-- 4k2(h - 1) 2 ([E(P2k)[ + 1) - (d(x I H) - d(y [ H)) 2 . 
It is easy to see that IE2(e [ g) l  = IE(g)[ - [El(e [ g)[ = (2k + 1) (h -  1) + 1 - (h~y + 1) = 
2k(h - 1) + hx + hy and [E(P2k)I + 1 = 2k. Bearing in mind the form of the expression for W* (H) 
obtained from Lemma 2, and applying Lemma 1, we derive 
W*(G) = W*(H) - 2k 2 E (hv - h~) - k 2 ((hy - hx) 2 + 2k(h - 1) + hx + hu) 
(u,v)eE2(elH) 
+ (p2(G)q(G) -- p2(g)q(g)) _ 2ka(h - 1) 2. 
4 
Theorem 3 follows now by direct calculation. I 
(4) 
g(h, k) = k3(4h 2 - 4h + 2) - k2(3h 2 + 7h - 4) + k(4h + 2) + 1. 
PROOF. The edge set of a graph G may be presented as E(G) = E(H) U E (P2k) U {ex, ev} = 
El(e ] H) U E2(e I H) U E(P2k) U {ex, eu}, where ex and ey axe the edges connecting H with P2k. 
Using Lemma 1, we calculate the difference between vertex distances for edges from each of these 
subsets. 
Let (u, v) c El(e I H). Then, 
d(u i G) -d (v  i G) =nv(G) -nu(G) = (nv(H) + P(P2k_____~))- (nu(H) + P(P2k.____))) 
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6. PROOF OF THEOREM 2 
Suppose that the graph Gi E C(h, k) is obtained from Hi E C(h - 1, k) by means of the 
previously described construction, i = 1, 2. Let ei -- (xi,Yi) E E(Hi) be the edge connecting 
the path P2k with Hi, i -- 1,2. We show the validity of Theorem 2 for G1 and G2 by induction 
on the cyclomatic number h. The classes C(1, k) and C(2, k) contain one element each and, 
consequently, for h = 1 and h = 2, Theorem 2 holds in a trivial manner. 
Assume that h _> 3 and suppose that the statement of Theorem 2 is true for all graphs from 
C(k) whose cyclomatic numbers are less than h. In particular, suppose that W*(H1) - W*(H2) 
is divisible by 2k 2. 
By Theorem 3, we have 
W*(G1) - -  W*(G2)  = W*(H1) - W*(U2) + 2k 2 Z (h, - hu) 
(u,v)EE2(e[H~) 
(s) 
- 2k2 Z (hv - h,~) + f(hx2, hy2, k) - f (hxl ,  hyl, k). 
(u,v)eE2 (e[H1) 
Note that the expression ( hx - hy)2 + hx + hy = hx ( h~ + 1) + hy ( hy + 1 ) - 2h~ hy is even for every 
hx, hy and k. Therefore, by taking into account (3), we see that f(h~2, hy2, k) - f(h~l, hyl, k) is 
divisible by 2k 2. In view of the induction hypothesis, the entire right-hand side of (8) is divisible 
by 2k 2. Therefore, also W*(G1) - W*(G2) is divisible by 2k 2. This completes the proof of 
Theorem 2. | 
REMARK. If the (2k + 2)-circuits are connected in a linear manner, then the linear (2k + 2)-gonal 
chain Lhk is obtained, Lhk E C(h,  k). It can be shown that 
W*(Lhk) = (4k3 + k2) h3 + (5k2 + 2k)h2 + (2k3 + 4k + l )  h + l 
and therefore, 
W*(Lhk) ==- 2kh(h + 2) + h + 1 
From Theorem 2, it then follows that for all G c C(h, k) 
W*(G) - 2kh(h + 2) + h ÷ 1 
(mod 2k2). 
(mod 2k 2) . 
Since 2kh(h + 2) + h + 1 = q(a) + 2kh(h + 1) = p(G) + 2kh(h + 1) + (h - 1), 
w*(a)  = q(a) 
if G E C(h, 1) U C(h,2) or k = h,h + 1; 
w*(a)  = p(a) 
(mod 2k 2) , 
(mod 2k 2) , 
if G E C(h, 1) for odd h or G E C(h, 2) and h = 8m + 1, m = 0, 1, 2 , . . . .  Note that the two later 
congruence relations are not valid for the Wiener index. 
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